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INTRODUCTION
II+ 1970 Atiyah and Hirzebruch [3] proved that the existence of a non-trivial smooth action of the circle group S' on a closed connected Spin manifold M implies that the A-genus of M vanishes. It is our purpose to explore the vanishing of further Pontrjagin numbers of Spin manifolds admitting smooth S' actions of odd type; assuming that MS' # 4, and viewing Z, = ( k 1) c S', these are the actions for which all components of the fixed set MzL have codimensions congruent to 2 (mod 4) (see [2, 3] ). We have one general result for such actions; the rest of our results require that the action also be semifree, i.e. that it be free on the complement of the fixed set MS'. The following result was proved during conversations with S. Weinberger.
THEOREM 1. If a closed Spin manifold M admits a smooth S'-action of odd type, then its signature r(M) vanishes.
If M is a closed smooth oriented manifold and E is a rral vector bundle over M, then
.e^/(M) denotes the total A-class of the tangent bundle of M[3;4, $231. and ch(E) denotes the Chern character of the complexification of E. We put of dimension 4n for ni" 0 Q, with .yq,= [CP(<")] for a suitable <4-+CP2n-3 (see [5.6] ).
Hence we have ar-inclusion which we conjectured to be an equality (Theorems 1 and 2 imply that this is true in dimensions ~40). The conjecture has been recently given an elegant proof by Serge
Ochanine, using formal groups defined by elliptic integrals. (D) It is natural to ask if those characteristic numbers, which vanish for Spin manifolds admitting smooth semifree Sr-actions of odd type, continue to vanish if the action is no longer assumed to be semifree. We observe this to be true for the A-genus and signature.
(E) We shall offer three proofs that, in addition to A, also A^ ch T, A^ch(Ib2T) and A^ ch(i.3T+ TO T) vanish on associated complex projective space bundles CP(g'"'), which suffices to prove Theorem 2 in view of remark (A) above.
We first observed that one can read off the vanishing of A^[CP(52m)] from $23 of Bore1 and Hirzebruch [4] . A close examination of their techniques permits one to reach the further conclusions given in Theorem 2, as well as the following result which immediately implies Theorem 2. We then noticed that one can reach these same conclusions (of Theorems 2 and 4) by a simplification of Ochanine's argument [ 123, in which we use residues of rational functions in place of elliptic functions.
Having observed that Ac~(/.~T) does not vanish on the ideal I, and that a correction term is needed, we sought relations of the form 
CIRCLE ACTIONS OF ODD TYPE
Let the circle S' act on a closed Spin manifold M". We shall work throughout in the smooth category, and may assume the action preserves a Riemannian metric. Then the action of S' on M lifts, via the differential, to an action on the principal tangential SO(n)-bundle Q-+M. The S'-action is said to have erelj t~'pc if it further lifts to the Spin @)-bundle P-tM which defines the Spin structure of M, P being a double cover of Q; see [3, 92] . In this case, the involution In fact, we are interested in actions of odd type. by which we mean that the S' action fails to lift to the Spin (n) bundle P-rM over each component of M; again see [3, $21 . In this case, the involution
T: M+M
given by multiplication by -1 ES' has odd type in the sense of [2, p. 4871, and each component of MZz has codimension congruent to 2 (mod 4) in M.
We suggest the following analogy: an involution on a connected oriented manifold either preserves or reverses orientation.
If a connected closed oriented manifold admits an orientation-reversing involution, then all its Pontrjagin numbers clearly vanish. It is our aim to show that more characteristic numbers vanish if a Spin manifold admits an S'-action of odd type than is the case if the S'-action has even type. For example, the quaternionic projective spaces HP" admit numerous S'-actions. For n even, they are all of even type: see Bredon [7, VII.31 . For n odd, HP" admits a linear S'-action of odd type which is semifree with fixed set CP". We require two facts, from which the theorem is an immediate consequence.
PROPOSITION 1. Let S' act on the closed smooth oriented manifold M, and give MS' the canonical orientation by taking all normal rotation numbers to be positive. Then s(M) = r( MS').
We refer to [3, 43] 
, and so r(M) = 0 since MZ2 has codimension congruent to 2 (mod 4) in M. In case the action is also semifree, a more elementary argument based on the multiplicativity of the signature [8] shows that r(M)=O; see [5, 6] .
VANISHING OF A AND iich T ON CP(<2m): PROOF BY LIE THEORY
We shall apply the techniques of Bore1 and Hirzebruch [4] to study the bundle n:CP(~2"')+B with fibre CP2"-' for a smooth complex 2m-plane bundle <2m-+B over a closed oriented manifold B. For this we take G = U,, and let U = U 1 x U,,_ 1, so that U has In the general situation studied in [4] , we have a smooth principal G-bundle P-B, a closed connected subgroup U of maximal rank in the compact connected Lie group G, and thus, th.e associated bundle 7-c: P/U-B with fibre G/U. If we denote by 8 the bundle along the jbres, then the tangent bundle 5P,U is given by 'spic'z IPtg 0 8. Moreover, 0 is the vector bundle
Another important tool is integration over the Jibre [4, 981. ~:H*(P/U)-+H*-NB, N = dim G/U; we take coefficients in Q. It satisfies
if bEH*B and XEH*(P/U), and also (3 then we will need and this, too, is true.
To verify (3) and (4) 
We must explain that in U,, we use the standard maximal torus T, consisting of the diagonal unitary matrices and that a "root vector" b = b,x, is called singular if it is orthogonal to some root of U 2m, j=l i.e. if two of the coefficients bj are equal. We identify c bjxj with the 2m-tuple (b,, . . . , b2,,,); in particular we find that s/2 is given by
. . . , 0, . . . , -(m-1)) (7) and so is singular.
Since all Pontrjagin numbers of CP(t') are zero, as a simple calculation reveals, we may assume that m 3 2. The following result is sufficient to prove (6) This completes our first proof that A^ and Ach T vanish on all CP(<2m). One can also read off the vanishing of the A-genus from remark (A) of the introduction and the theorem of Atiyah and Hirzebruch [3] .
$4. PROOF OF THEOREMS 2 AND 4 BY LIE THEORY
We begin by giving a fuller account of some of the machinery of Bore1 and Hirzebruch, continuing the discussion from the previous section. In particular, the reader might want to know why (4) follows from (6) in 93.
In addition to x:P/ZJ+B with fibre G/U=CP2"-', we consider the two further projections shown in the diagram
PIT H2 -P/U = CP(fy") \ /
Here Tis the standard maximal torus in G = U2,,, and the fibre of n, is the flag manifold G/T. We denote by XT the homomorphism in rational cohomology induced by q; as our cohomology classes need not be homogeneous, this is the zT* of [4] . Both 7~* and 7~: are injective. 
where pi runs through all sums of ri distinct complementary roots in ylu( -Y). In particular, we see that
where the r,, . . . . rr run through all sets of r distinct complementary roots.
We now recall that 7-c: is injective. Hence {C$ (0) for all m, as stated in Theorem 4.
(20)
We shall now verify (19) and could continue to establish (20) by an elaboration of the same method; however, we prefer to leave (20) to the following section in order to illustrate the advantages of our second approach. Turning now to (IS), it will suffice for this to verify that 
f$5. PROOF OF THEOREMS 2 AND 4 BY RESIDUES OF RATIONAL FUNCTIONS
We shall show that not only the A-genus, but also all the other characteristic numbers appearing in Theorems 2 and 4 vanish on associated projective space bundles CP(c2"), by a simplification of the proof Ochanine gives for Proposition 6 in [ 121. His argument is based on the fact that the sum of the residues of an elliptic function is zero; ours uses the same fact for rational functionsf(z), or more accurately, for their differentialsf(.z)dz. In particular, if the rational function,f(z) has poles at the distinct non-zero points zl, . . . , zZm, and possibly at z =0 and z= oj, the sum of the residues off(z)dz at the zi is zero (as we shall want) iff the residues at z = 0 and z = cc cancel. We remind the reader that the residue off(z)dz at z = co is taken to be the residue at z =0 of -z-*f(l/z)dz.
Vanishing of A[CP(;2m)] by residues
As a preliminary to our examination of the A-genus of CP(c'"), we shall make integration over the fibre in the bundle rr:CP(S)+B more explicit. B being a closed oriented manifold.
One knows that the stable tangent bundle of CP (5) is isomorphic to rr*rB @ (I\ 0 rr*i). q denoting the dual of the canonical line bundle over CP(<) (see [14] ). Putting t=c,(rl). H*(CP(<),Q)_is free over H*(B;Q) with basis 1, t, . , r2'"-' and has its multiplicative structure given by the single relation one finds that since both sides are polynomials of degree < 2m in t which agree for the 2m values r = -14~. Thus, we find that the coefficient of t2m-1 in ,a(~ @ n*t) is (24) which we must show vanishes.
We now diverge from the argument in [12] . The last expression can be simplified by writing wi = e""', observing that It will suffice to verify that (25) holds whenever the zi are distinct non-zero complex numbers.
As suggested by the proof of Proposition 6 in [12], we notice that the rational function has its only poles in the extended plane at zi, . . . , z2,,, where its residues are precisely z~-l~~i-zk)-l> so that (25) follows, the sum of the residues being zero. Thus, we have reproved that A[CP(52m)] =O. As an exercise, the reader may enjoy using this method to verify that the signature of CP(t2") also vanishes [S]; for this. residues at z=O and Z= x must be made to cancel. We can continue with this elementary method to obtain all the further relations established in the previous sections, but first we shall reformulate our results in terms of KO-characteristic numbers..
KO characteristic classes
We shall use the KO-theory characteristic classes given by Anderson, Brown and Peterson [l, p. 2791, which we denote by ~~ (5) In view of (26), these are merely restatements ofTheorems 2 and 4. As before, Theorem 2'
follows from Theorem 4'. We shall prove in the following section that further KO characteristic numbers of the form pk = zr, + lower terms vanish on CP(~z") for all m, and can be chosen so that their sum 1 pk is a multiplicative kt0 characteristic class. For k I 6 the relations are
Proof of Theorem 4' by residues
We now turn to the proof of Theorem 4', using the methods with which we began this section. Since it will suffice to repeat the previous argument and examine the coefficient of Pm-l in (x? ch a") ('I @ n*{)
for a symmetric polynomial cr. The formal expression of (28) 
1
We continue by putting wi = euzi2, factoring out flwi, and letting zi = w' =e"' to show that the coefficient of t2m-1 is Z~Z~1+ZiZ~1-2,. . . 1.
This time the function we want to consider is
where we are neglecting the factor nwi. This function has the correct residues at z=zi. 1 I i I2m. which we again assume to be distinct and non-zero. Thus, (30) will vanish exactly when the residues off(z)dz at 0 and cc cancel. The residue off(z)dz at z=O is the coefficient of z-"' in ~~~~;-;,)ljdz,z'+zz~l-2,.
. rZZmz-1+zZ;,1-2),
while its residue at z= cc is the negative of the coefficient of zmm in
Hence we reach the following conclusion, writing 6' for the bundle along the fibres as in previous sections. Proqf of Theorem 4'. If a has degree cm, then f (z)dz has no poles at z = 0 and z = 'x, the coefficients of zprn in (32) and (33) are zero, and so we see that {(.J? cha")(Q)-" =O. In view of (27). this implies the first assertion of Theorem 4'.
Continuing, assume that the symmetric polynomial a has degree m. Then the coefficients of z -m in (32) and (33) are (n=i)-'a(z1,.
. . , z~,,,) and a(z;', . . , z;,')
respectively. If a = a,,, is the mth elementary symmetric function, so that an = TI,, then these coefficients are equal; and this is only true, for a of degree m, if a is a multiple of a,,,. We conclude from Proposition 4 that (~ch7r,(@)'=O, and by using (27) it follows that JC,[CP(<'~)] =O, which is the second assertion of Theorem 4'.
It remains to examine the symmetric function a,,,+t +alam_ 1. One can first calculate that and soit suffices todeal with a=am+t +s,.,...,.,. We next find that for a,,,+, thecoefficients
of Yrn in (32) and (33) are -ma,(z;l, . , 9;,l)+~~.~(z;', . . . , -_;,') and respectively. Making use of (34). we see that for 0 = 6, + 1 + s2, 1,, 1 the coefficients of z-"~ -m-2 in (32) and (33) are identical, and so by Proposition 4 we have i(.$ cha")(H)) ' =O. In view of (39, we conclude that (.&h(7r,,,+1 +rrl~,)(H))'=O:
and then (27), together with our previous results, yields the conclusion that also Being given a collection of classes pk = 7ck +xafOsE for which 1 pk is multiplicative. we 
i=l i=l
We find it convenient to require the classes pk to satisfy a:,) = 0 for k 2 2, a condition that can be satisfied by making the change of variables t' = t + 1 a:,,t'.
k2Z
According to Ochanine [12] , the KO characteristic number We may now translate this condition into a differential equation. Putting y = e* + eeX -2 =(2 sinh(x/2))2, equation (36) 
In order to show that there are series k(v, r)EQ [[v, r] This will, of course, complete the proof of Theorem 5. From D(m) = 0, k(u, t) = t + m(u, t) has the form of (39) and satisfies (42). By the previous lemma, k satisfies (42) for some E(C) and the series f,(y) defined by tf(y) = k(yt2, t) will give the desired characteristic classes pk. is easily seen to be manic by looking at the terms of least degree in r for the monomial x-~-'~x~, which is ( -Q)m-'i( -t)'.
--
Remarks.
The normalization a fl, =0 for k>2 determines the relations pn uniquely, but our proof of uniqueness is more complicated. The relations pk for k I 6 have been listed in the previous section. In the appendix [17] , D.V. and G. V. Chudnovsky obtain an explicit expression for the seriesf,(y), in terms of elliptic modular functions. They conclude that the coefficients a", are all integral and give an easy proof of uniqueness.
